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Abstract 

, In this paper we prove the weak local Tamagawa number conjecture for the remaining 

' non-critical cases for the motives associated to Hecke characters ipo '■ Ak — > K* of [T], 

, where K is an imaginary quadratic field with cl{K) = 1, under certain restrictions which 

originate mainly from the Iwasawa theory of imaginary quadratic fields. 

, 1. Introduction 
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Let £^ be a CM elliptic curve defined over an imaginary quadratic field K of 
\ d{K) = 1, with CM given by Ok the ring of integers, Dk the discriminant of K. 

We can consider ip the Hecke character associated to E. Consider the Chow motive 
h^{E), and also (^^h^{E). The Chow motive (^^h^{E) has a decomposition in pure 
motives Mg where every one of them is related with a Hecke character ^pg . Observe 
that every Hecke character from A^^ the adele group to K* correspond to some 
r~| . concrete tpg. In [T] we study the Tamagawa number conjecture for Mg{w + / + 1) 

associated to a Hecke character ijig with ^ > 0. 

The value of the L-function at zero for Mg (w + Z + 1) is related with the first non- 
zero coefficient of the Taylor development at —I of the L-function associated to ijjg 
the complex conjugation from the Hecke character tjig by the use of the functional 
equation of L-functions. Observe that —I is a non-critical value associated to the 
Hecke character. The non-critical values associated to the Hecke character tjig (we 
restrict to the situation ag ^ 6^(7710^101^1)) are the integers I such that —I < 
\^ . min{ag, bg) where ag, bg are associated to the Hecke character ipg (see [31 Theorem 

1-4.1]) 

. The general formulation of the Tamagawa number conjecture at the non-critical 

I values following assumes w + I + 1 > w [3 Conjecture 2.2.7] because then one 

. avoids the poles in the bad Euler factors, and therefore the assumption / > 0. But, 

' for Mg{w + / + 1), there are no poles in the bad Euler factors, see [2 remark 2.6]. 

. Thus, it is natural to study the Tamagawa number conjecture for / < 0. 

In this paper we construct elements in if -theory for Mg (w + l + l) with < — / < 
min{ag, bg) and obtain the image of these by the Beilinson regulator map and the 
Soule regulator map, obtaining the weak local Tamagawa number conjecture. 
Deninger [3j pp. 142-144] already constructed elements in if-theory for the motive 
^ ' Mg{w+l+l) with I < non-critical and the image of these elements by the Beilinson 

regulator map satisfy the expected properties, proving the Beilinson conjecture. He 
constructed these elements in if-theory by use of a projector map K-m without using 
complex multiplication. The problem of his construction is that the Weil pairing 
appearing in [1] §5] to a i<^[p'']-torsion point tr, j{tr) =< tr,tr > is trivial and 
the arguments through [H §5] does not generalize in order to construct an Euler 
system to control the image by the Soule regulator map. We modify Deninger's 
projector map by /C^ (we use now complex multiplication), and we construct the 
elements in if -theory using /C^ and we reobtain Beilinson's conjecture. With this 
modification the arguments in the p-part of the weak Tamagawa number conjecture, 
i.e. the image by the Soule regulator map of these if-theory elements [U §4, §5], 
apply straightforward obtaining the result. 
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2. The motives associated to Hecke characters 

The elliptic curve E has conductor f an ideal of Ok which coincides with the 
conductor of the Hecke character ip. 

Let us introduce the motives Mg. Consider the category of Chow motives 
Mq){K) over K with morphisms induced by graded correspondences in Chow the- 
ory tensored with Q. Then, the motive of the elliptic curve E has a canonical 
decomposition h{E)Q = h°{E)Q ® h'^iE)q /i^(-E)q. The motive h'^{E)q has a 
multiplication by K [2, §1.3]. Let us consider the motive ^Qh^{E)q, for w a strictly 
positive integer, which has multiplication by T^, := 'S'qK. Observe that has a 
decomposition Jle-^^ ^ product of fields Tg, where 9 runs through the Aut{C)- 
orbits of Hom{i{Tw, C), and 9 can be considered as a subset of HomqlTw, C). This 
decomposition defines some idempotents eg and gives a decomposition of the motive 
^^h^E and its realizations. We have that Tg = K. The idempotent eg belongs to 
Ok[1/Dk], then 

Mg := egi^'^h^E) ®Ok Ok[1/Dk]). 

is an integral Chow motive with coefficients in Ok[^I Dk], that is an element in 
the category M{K) constructed like M(q{K) tensoring the correspondences with 
®Ok^k[^I Dk] istead of tensoring by ®zQ.- We have that it has multiplication by 
ee((g)"'Oif [l/Dif]), recaU that h^{E) has muhiplication by Ok- 

Let us fix once and for all an immersion A : i^T — > C as in [3, p. 135]. The 
L-function associated to the motive egl®"^ {E)q) corresponds to the L-function 
associated to il}e = ^ei'^^'f) '■ ^*k ~^ K* (jSj §1.3.1]) a CM-character, which is the 
complex Hecke character that we also denote by "ipg : A*j^/K* C* from our fixed 
embedding A. Let us remember for reader's convenience that we have already three 
equivalent notions of Hecke characters, one of them is the CM-character [1, remark 
2.2]. The CM-character is equivalent to a map named also ij^g : A*j^/K* Ik* 
where Ik* is the idele group of K, [Ij remark 2.2]. A complex Hecke character is 
taking the value at some archimedian place of this last notion of a Hecke character. 

The CM-character corresponds to (p^-oip^^ , where ag,bg > are non- negative 
integers such that w = ag+bg. The pair {ag, bg) is the infinite type for ^jg. There are 
different 9 with the same infinite type. Every 9 has two elements of HoniQiT-u,, C), 
one is given by the infinite type €z 9 HomK{Tw, C) and the other is i? composed 
with the complex conjugation. 

The motivic cohomology group H'^^{MgiQ, Q{w + 1 + 1)) is the iiT-theory group 

where the if-groups are the Quillen X-groups and the superscript indicates the 
Adam's filtration on them. Let S" be a finite set of primes of K, which contains the 
primes above pfg , where fg is the conductor of the Hecke character ^g . Denote for 
simplicity 

Mgz^iw + 1 + 1):^ HZiMg y.KK.'Lpiw + 1 + 1)) ®Ok Ok[1/Dk]. 

and 

Mgfi^{w + l + l) -.^HZiMg y.KKMp{w + l + l)). 
We impose that w — 2{w + / + 1) < —3. We have a Beilinson regulator map, 

rv : HMf^R-^ H^{M6C,Q{'w + l))(g,R, 

where the cohomology group on the right is the Betti realization for our motive, 
which coincides with eg{iS)QH^{E{C),Q{l)){l). We have in this Q-vector space a 
Z[l/Z?K]-lattice given by H^^^.^d^] ■= eg{®^H},{E{C), Z(l)) Ok[1/ OkW), 
which is an O^-module of rank 1. 
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We have also, for every prime number p, the Soule regulator map: 
rp:HM®Qp~^ Hi{OK[l/S],MeQ^{w + I + 1)). 
The L-function associated to the motive A/g is defined by 

LsiMg, s) = LsiMgQ^,s) Y[ PpiMgQ^,s) for Re{s) » 0, 

where Mgq — H^^ {Mq Xk K, Qp) and the local Euler factors Pp {Mgq , s) are given 
by 

Pp{MeQ,,s) deiQ^l - FrpTVp-^jM,'^^) = (1 - V^e(p)iVp-'^)(l - Mp)iVp-^) 

where Fr is the geometric Frobenius at p and Ip is the inertia group at p [I , Lemma 
2.5]. 

3. Modification of Deninger's projector map. Beilinson conjecture 

revisited. 

Let us fix w > 1 and I < such that — w — 21 < —3 with < — ^ < min{ae, bg) 
and let us consider the motive Mg{w + ^ + 1). With the fixed embedding we 
have -d = (Ai, . . . , A^) € 9 and set I\ = G HomK{K,C)} and I2 = ^ 

HomK{K,C)} and we have now that < |Z| < #/i — ag and < |?| < #J2 = 
bg. Denote by A = id^ x i(P : E E x E the diagonal map and by Acm = 
lf]}-:CM y. ^^2, CM -j^^j^xE given by e 1-^ (e, {VdK)e) where we understand 
\^dK G End{E). Let us choose exactly \l\ elements in the sets Ii and I2 denote it 
in increasing order ii, . . . G Ii and ji, ■ ■ ■ G /2- Let us define the projector 
map pr : E^~^^ ^j^^ projection of the first w + 2Z-components of E^~^^ 

and let us define {id x A''') : E^ (which it depends of the choice in the 

sets h and h) by (ei, . . . , eu,+2/, e,„+2;+i, . . . ,e^,+;) i-> (cai, . . ■ ,ea„) where e^^ is 
defined as follows: 

• if Qfs appears in one component of the set of tuples L := {(ii, ji), . ■ . , (^|/| 
then 

id^{eyj+2l+rn) if as = im 
i<P{ew+2l+m) if as = jm ' 

• in the other case, then it is defined by Cq^ := e„y with 1 < ny < w + 21 
such that as = ny + '^1 where the sum runs the naturals that appear in 
some component of the elements of L and which are lower than ag ■ 

We define also the map {id x a|^'^,^) similarly as the map {id x A''') but inter- 
changing id^ by id^'^'^^ . 

We define the projector map /C^ by 

Hj;;+^+\Sym^'+'^h^E,q{w + 2l + l)) ^ HJ^'"+\E^'+"'+^'^ ,Q{21 + w + 1)) 

HJ+\MeQM^ + l + ^)) ^ Hj+\h'{E)'^^,q{i + y^ + ^)) 



Deninger defines a projector map JCm with a similar diagram as our /C^ by 

cmJ*- 



replacing the map {id x A''')* instead of the map {id x a''' 
Define an element in Hm by 

T, := IC'M£'^+^{NK^E[f])/K{{^f-'))), 

where f^"*"™ is the Eisenstein symbol, / a generator of fe, the period of E and 
{nf-^) means the divisor in Z[E[fg] \ 0]. 

The next result is a modification of Deninger's result [31 pp. 143-145]. 
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Theorem 3.1. Suppose ag ^ be mod \0'^\ with ag, bg > 0, I < w = ag +bg, with 
—w — 21 < —3. Define, up to sign, 



, ^ {Vd^)'K2l + wy.Lpi^:g,-l)-^<f{fe) ^ 
' 2~^NK/QfgMPe)m ' 



which belongs to H'^^{AIg,Q{w + I + 1)) where Lp{ipg,^l) means the product of 
the Euler factors of the primes above p of K at —I (is well defined by [TJ remark 
2.7]), and pg is the idele of K such that Wq(pq"^ — /^^) ^ for q \ jg and Vq{pq) = 
in the other primes q . Then 

rv{£.e,l) = L*s{^g,-l)T]g, 

where S are the set of primes of K that divide fgp, and rjg means an Ok -basis for 
Hh,z and L*g{'i(jg, -I) = lims+i^o^^^j^q;^ ■ 

Proof. We will follow closely Deninger's papers [5] and [5], we follow also in this 
proof his notation where his n is our w + 21. Deninger defines the element ^g^i from 
ICM^M'^iNKiEliD/Kii^f^^))) instead of Tg. We modify only the calculation in 
O (2.13)Lemma] for JC'j^ instead of JCm, and for our chosen order for the factors of 
the map {id x Aj^'^j) we have to control some sign that we do not do. One obtains 
(up to sign) 

B.V*7"'(„ + |,|_|,|)"w+"lc„|,|H.I 

by it calculation at the top of [H p. 63]. Then the argument [3l p. 143-144] applies 
in our situation obtaining, 

rvC^e) = tgL*{ipg, ~l)r/g 

where tg is given by (up to sign) \^/2?l2^+iyl'^lj^^ ■ By [H remark 2.7] we can 
introduce the Euler factors above p in the constant and introduce the function Ls 
for the motive, obtaining the result. □ 

4. The weak Tamagawa number conjecture for I < 
Following 1, §3] we define for I < the constructible space by 

with £^gj given by the theorem 13.11 Let us observe that with this notation we can 
follow straightforward all the results and proofs of [H §3] and [U §4]. In [H §5] we 
need to compute /C^ o£'^'^\NK(E[i])/Ki^f~^))- Denote by e = {tr)r and element 
of the Tate module TpE where tr € E[p^] a ^''-torsion point for E. 

Lemma 4.1. The realization on Galois cohomology of the projector map IC'j^ has 

the property, }C'j^{tr^ ) = eg{®'^tr) ® "({trf where "f{tr) =< tr, y/dxtr > which 
is the Tate twist. 

Proof. Observe first that the projector map is the composite of /C^ — eg o [id x 
^Cm)* ° Pf* ■ Let us take (5* := {id x Aj^'^^)* o pr* and observe that its transpose 
5* — pr^, o (id X Ajir'jyj)* is in the definition on Km = eg o 5* with I > given 
at [5] and therefore we know that it has the claimed property of this lemma [S]. 
We need only to study these projector maps on the Galois cohomology. Denote 
by TYqp the etale realization of h^{E){l) and observe that there is an isomorphism 
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= Wq., from ih^iE)^))* = h,{E){-l) - h\E){l){-l) = h\E) and 
therefore {h^ {E){1))* {I) ^ h'^{E){l). The map 6* is given by 

H\Os, Sym''+^ {Hq^ ){!)) ^ H\Os, Sym^ (Hq^ )(; + !)), 

and because the map 6^ is the transpose for the map S* up to Tate twist hy w + I 
it is represented by gfobal Tate duaUty by, 

Is known [6J that 

5*(lini((g)2'+'"I,)) = lim((®"'I,)7(t;)') 

r r 

write it also by (5* ((g) "'+2'e) = ((8)"'e)7(e)' (**). Take now the dual map by i?0TO(, Zp) 
and do the identification TpE ^ Hom{TpE, Zp(l)), to obtain 

((g"'e(-l))7(e)-' ^ ®'"+2'e(-l) 
twisting now by w + Z we arrive to the definition for S^, and, 

d,{®^e) ^ (®™+2'e)7(e)-' 
and taking this equality at level r we finish. 

□ 

After the lemma 14.11 all the results of [U §5] and the proofs of [U §5] follow 
straightforward up to a power of 2 and Dk, (the reader could make these modifi- 
cations which follow only from our definition of TZg). Therefore we obtain the weak 
local Tamagawa number conjecture with ii'-coefficients and Q-coefficients, under 
standard hypothesis from Iwasawa theory for imaginary quadratic fields: 

(*) Let p be a fix prime different from 2 and 3 (hence, in particular, p \ |), 
and p \ N^/qf- Suppose that ipe has infinity type {ae, bg) with ag, bg non- negative 
integers, such that ag ^ bg mod\0'^\ and w = ag + bg > 1 verifies —w — 21 < —3 
with I < 0. Suppose that O^^ — ^ {Ox/fg)* is injective. Suppose moreover that 
the representation x of Gal{K{E[p])/ K) in Homo^ {H"" {Mg XKK,'Lp{w + 1)), Op) 
is a non-trivial representation that if p inert we impose moreover that as a Zp- 
representation is irreducible. Suppose moreover x is not the cyclotomic character 
and it satisfies two results on isomorphism between Iwasawa modules: (i) Iwasawa 
main conjecture for imaginary quadratic fields is true [HI Rubin Theorem 2.1.3] for 
X and the elliptic units of [U definition 4.1] and (ii) the conclusion of O Corollary 
2.2.11] is satisfied. See [1] remark 4.4] for results about how this conditions impose 
restrictions on Mg{w + 1 + \). 

Theorem 4.2. Assume hypotheses (*). Ij we denote by Mgz^{w+m) = [Mgy. k 
K,Zp{w + m)), (by hypothesis p\ Dk) then, there is an Ox-submodule TZg C Hj^ 
of rank 1 such that: 

(1) deto^[i/DK]{MT^B ®Ok Ok[1/Dk])) = 

L*s(^g,-l)deto^li/D^]iH^iMgc,Z{w + l))(g>o,,OK[l/DK]) 

m deto^[i/D^]miH^iMgc,Z{w + I)) ®Ok Ok[IIDk] ® M). 

(2) The map rp induces an isomorphism 

deto^mAT^e) = deto^mAR'riOK[l/S],MgzAw + I + 
Here _ 

and S is the set of primes of K dividing p and the ones dividing fg. 
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Moreover, if rp is injective on TZg, the second part can be written as 

deto^m,{H\OK[llSlMei.^{w + I + l))/rp{ne)) = 

deto^m,H^{OK[l/SlMei^{w + / + 1)). 

Theorem 4.3. Suppose hypotheses (*). 

Then, there is a 'Z-submodule TZg in Hm of rank 2 such that: 

(1) The map <8) M is an isomorphism restricted to TZg M. 

(2) dtmQ{H^{Mec,I'iw + l))(g,Q)^ords=-iLs{H^{Me,Qp),s) = 2. 

(3) We have the equality 

rv{det^yD„]{T^d ®Ok Ok[1/Dk])) = 
L*s{H:i't{Me,qp), ~l)det^,^D^]{HTl^{Me,Z{w + I)) ®o,, Ok[IIDk]) 
where 

s^-i ys + ly 

and S is the set of places of K that divides p and the places dividing the 
conductor fg. 

(4) We have that 

c^e^z,(7^e ® Zp) = detz^{Rr{OK[l/S],Mez,{w + I + 
Ifvp is injective on TZg, then rp{deti^{TZ0 ® Zip)) is a basis of the Zp -lattice 
detz,(i?r(OA'[l/5], + / + 1)))-' 

C detQ^iRriOK[l/SlMez,iw + 1 + 1)® 
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